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Abstract. Initial-boundary value problems in a strip with different types 
of boundary conditions for two-dimensional generalized Zakharov-Kuznetsov 
equation are considered. Results on global existence and uniqueness of weak 
solutions in certain weighted spaces are established. 



1. Introduction. Description of main results 
Zakharov-Kuznetsov equation (ZK) on the plane is written as follows: 

It has been derived in [17) for description of ion-acoustic wave processes in plasma 
put in the magnetic field. Further, this equation has been considered as a model 
equation for non-linear waves propagating in dispersive media in the preassigned 
direction (x) and deformed in the transverse direction (y) . Zakharov-Kuznetsov 
equation is one of the variations of multi-dimensional generalizations for Korteweg- 
de Vries equation (KdV) Ut + Uxxx + uux = . 

Boundary value problems for this equation (and its certain generalizations) were 
usually studied before in domains, which were products of an interval (bounded 
or non-bounded) on the variable x and the whole line on the variable y . In 
particular, there were the initial value problem ([T31 [H [31 [H]), as well as initial- 
boundary value problems in M+ x M, K_ x M, and / x K, where / is a bounded 
interval, (IH El EJ [HI [^ and others). On the other hand, it seems more natural 
from the physical point of view to consider domains, where the variable y varies 
in a bounded interval. 

In the present paper we consider initial-boundary value problems in a layer 
Ut = (0, T) x S , where E = R x (0, L) = {(x, y) : a; S M, < y < L} is a strip of 
a given width L , for generalized Zakharov-Kuznetsov equation 

^xxx ~t~ ^xyy 

+ {g{u))x^ f{t,x,y) (1.1) 

with an initial condition 

m(0, X, y) = uo{x, y), {x, y) G S, (1.2) 
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and boundary conditions of one of the following four types: for {t, x) £ (0, T) x M 
whether a) u{t, x, 0) — u{t, x, L) — 0, 
or b) Uy(t, x, 0) = Uy{t, X, L) — 0, 

or c) u{t^x,0) — Uy{t,x^ L) — ^ ^ 

or d) u is an L-periodic function with respect to y. 

We use the notation "problem (|l.ip ~ (ll.3p " for each of these four cases. 

The main results of this paper are theorems on existence and uniqueness of global 
weak solutions (T > ~ arbitrary). We introduce certain growth restrictions on 
the function g as |u| — >■ oo which are true for ZK equation itself. 

The research of global well-posedness is based, firstly, on conservation laws for 
equation (jl.ip (with / = ): 

dxdy — const, / / (u^ + Uy — <?*(")) dxdy — const, (1-4) 

where here and further g*{u) = JJ* g{9) d9 is the primitive for g , which are true for 
each of the four cases of the boundary conditions, and secondly, on the effect of local 
smoothing, meaning that solutions have derivatives with respect to space variables 
of orders greater by one, than initial functions. For example, if uq G i2(S) , then 

rL 

(u^ + ui) dydxdt < oo 





for any r > . Such an effect of local smoothing for the initial value problem was 
firstly discovered in [TOl [8] for KdV. 

The result, based on conservation laws (1.4), on existence of global solution to the 
initial value problem, where uq G iJ^(R^) , was obtained in [M] (where equations 
of more general type than (jl.ip were considered). Existence of global solution to 
the initial value problem for uq G L2(M^) , based on the first conservation law (|1.4p 
and on the effect of local smoothing, was obtained in [2] (were equations of more 
general type were considered too). However, in the study of uniqueness there were 
the growth restrictions on the function g , which excluded ZK equation itself. 

Classes of global well-posedness for the initial-value problem for ZK equation, 
where the initial function uq G 77'^ (M^) for each natural k , were constructed in 
[3] on the base of the ideas on more accurate study of properties of the linear part 
of the equation elaborated earlier in [9] for KdV. Similar results for modified ZK 
equation {g{u) — u^/3) were obtained in |12j . 

The attempt of studying properties of the linear part of ZK equation for the 
initial-boundary value problem in the strip E with periodic boundary conditions 
was made in [13], but the established estimates allowed to prove only local well- 
posednesss in the spaces i?'*(E) for s > 3/2 . 

The recent paper jll| , where an initial-boundary value problem for ZK equation 
in a half-strip M_|_ x (0, L) with zero Dirichlet boundary conditions was considered, 
should be also mentioned. The usage of exponential weights as a; -l-oo allowed 
to prove there global well-posedness for such a problem in smooth function spaces. 

Introduce now the following notation to describe the main results of the present 
paper. For an integer fc > let 

ki+k2=k 



Let Lp Lp{Y.) , = H^'{T,) , x+ ^ max(a;, 0) , x_ = max(-a;, 0) , M+ = 
(0, +oo) , M_ = (-00, 0) , E± = M± X (0, L) , = (0, T) x S± . 
For any a > define function spaces 

= L^(E) = e L2 : (1 + e L2}, 

^fc.a = ii'= "(S) = {(^ e iJ*^ : G L2 = i = 0, . . . , fc} 

witli natural norms (liere H^ °' — L2 )■ 

We slrall construct solutions to the considered problems in spaces X'^ °'(nT) , 
A; = or 1 , consisting of functions u{t,x,y) such that 

u e C^([0,T];ii'='"), sup / / / \D^+^u\'^dydxdt< 00 

xoGRJO Jxo Jo 

(symbol denotes the space of weakly continuous mappings) and if a > then 
additionally 

(i + ^)"-i/2|^'=+i^^l ei2(n+) 

(let X'^iUx) = X°''^{Ut) ). 

Theorem 1.1. Let g G C^(M) and for certain constants c > and b E [1,2) 

\g'{u)\<c{l + \u\'') VmgM. (1.5) 

Let uq G L2 , f G Li(0,T; L2) for certain a > and T > . Then there exists 
a weak solution to each of problems (jl.ip - (jl.3p in the space X°'{IIt) ■ 

Theorem 1.2. Let g G C'^(M) and for certain constants c > and b G [1,2) 

\g" {u)\ < c{l + \u\^-^) VitGM. (1.6) 

Let Uq G H^ " , f G Li{Q,T:H^-°') for certain a > and T > , 

uo|y=o = uo\y=L = 0, f\y=o = f\v=L = in the case a, 

wo|j,=o — 0, /li,=o = m the case c, 

woly^o = uo\y=L, f\v=o = f\y=L in the case d. 

Then there exists a weak solution to each of problems (|l.ip - ()1.3p in the space 
X^'^iJiT) ■ If OL^^/'^ then the solution is unique in this space. 

Similar results for the initial value problem for generalized KdV equation were 
earlier obtained in jl]. 

Since the constructed solutions are only weak there naturally arises a problem on 
solubility of the considered problems in spaces of smoother functions. This problem 
remains open, and one of the obstacles to resolve it is the absence of conservation 
laws other than (|1.4p in smoother spaces in comparison, for example, with KdV 
equation. 

Further we use the following auxiliary functions. Let ri{x) denotes a cut-off 
function, namely, 77 is an infinitely smooth non-decreasing on R function such 
that ri{x) = when x < , r]{x) = 1 when x > I , ri{x) + 77(1 — x) = 1 . 

We say that p{x) is an admissible weight function if p is an infinitely smooth 
positive on R function such that |p(-'^(a;)| < c{j)p{x) for each natural j and all 
X G R. 

For each a > and /? > we introduce an infinitely smooth increasing on M 
function p^.jsix) as follows: Pa.jsix) — e^^ when x < —1 , Pa.pix) — (1 + x)" for 
a > and po,i3ix) = 2 - (1 + x)"^/^ when x>0, p'^^pix) > when x G (-1, 0) . 
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Note that both pa.p and ^ are admissible weight functions, and p'^ ^(x) < 
c{a, f5)pa^l3{x) for ah a; G M . 

Note also that if m G X'='"(nT) for a > 1/2, then |£'''+^-u|p„_i/2,^(a;) G 
L2(nT) for any /3 > . 

Further we need the following interpolating inequality. 

Lemma 1.1. Let pi{x) , p2{x) he two admissible weight functions such that 
Pi(x) < cqP2(x) for some constant co > . Let k = 1 or 2 , m G [0,fc) - 
integer, q G [2,+oo] if k = 2,m — and q G [2, +cx)) in other cases. For 

the case q = +00 assume also that — - — - < cq — -, — r if |a;i — 2^2 1 S 1 • ihen 
there exists a constant c > such that for every function il){x,y) , which satisfies 
assumptions |Z?'^'0|pJ^^(x) G L2 , 4'P2^^{^) £ -^2 j the following inequality holds 

\\\D^,p\pi{x)pi/'-'{x)\\^ <c|||i?vipy'w|ll;il^P2^'(a;)|ll;'' + l|V'P2^'(a;)IL^, 

(1.7) 

m + 1 1 

where s — ; — . 

2k kq 

Proof. If one considers the whole plane instead of the strip S the given in- 
equality is a special case for a more general interpolating inequality, estimated in 
[2] for an arbitrary number of variables and arbitrary values of k . The proof in 
this case is similar. □ 

As a rule further we omit limits of integration in integrals over the whole strip 

S. 

The paper is organized as follows. An auxiliary linear problem is considered 
in Section [2] Section [3] is dedicated to problems on existence of solutions to the 
original problem. Results on continuous dependence of solutions on uq and / are 
proved in Sectional In particular, they imply uniqueness of the solution. 

2. An auxiliary linear equation 
Consider a linear equation 

Ut + UxXX + Uxyy - 5{Uxx + Uyy) = f (t , X, J/) (2.1) 

for a certain constant 5 G [0,1]. 

Introduce certain additional function spaces. Let §(S) be a space of infinitely 
smooth in S functions ip{x,y) such that {1 + \x\)"'\dl^dyip{x,y)\ < c{n, k,l) for 
any integer non-negative n,k,l and all {x,y) gS. Let §ea;p(E±) denote a space of 
infinitely smooth in S]± functions (p{x,y) such that e^^^^\dl^dy(p{x,y)\ < c{n,k,l) 
for any integer non-negative n, k, I and all (x, y) G E± . 

Lemma 2.1. Let uq G S(E) n Sexp(S+) , / G C°° ([0, T]; S(E) n Bexp{^+)) and 
for any integer j > 

dy^uoly^o = dy^uo\y=L = 0, dy^fly^o = dy^f\y=L =0 in the case a, 

dl^+^uo\y^o = dl^+^uo\y=L = 0, dl^+^f\y=o = dl^+^f\y=L = m the case b, 

d^'uoly^o = dl^+^uo\y=L = 0, /|,=o = +Vl,=L - m the case c, 

9^uola=o = d^uoly^L, 9^/ly=o = 5^/la=L in the case d. 
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Then there exists a unique solution to each of problems (j2.ip . (|1.2p . (jl.3p u G 
C-([0,T];§(E)nSe,p(S+)) . 

Proof. Let ipi{y) , I — 1,2... , he the orthonormal in L2{0,L) system of the 
eigenfunctions for the operator {~ip") on the segment [0, L] with corresponding 
boundary conditions "0(0) — i'iL) = in the case a, V''(0) — i^'iL) = in the 
case b, V(0) — '^'{L) = in the case c, ■(/'(O) — ip{L),^p'{0) — ^'{L) in the case 
d, \i be the corresponding eigenvalues. Such systems are well-known and can be 
written in trigonometric functions. Then with the use of Fourier transform for the 
variable x and Fourier series for the variable y a solution to problem (12. ip , (|1.2I) , 
(|1.3p can be written as follows: 

. +00 



u{t,x,y) = —j J2'^'^"MyMt,^j)d^, 



where 

=^^(C,Oe^^'+«^'-'(«'+^'»*+ / f{T,^,l)e^^''+^^^-'^^''+''^^^'~^UT, 



uoi^,l)= e ''^'^^i{y)uo{x,y)dxdy, 



f{t,tl) = // e-'^^My)f{t,x,y)dxdy. 



According to the properties of the functions uq and / this solution u G 

c°°([o,r],§(E)). 

Next, let V = d^dyU for some k,l > . Then the function v satisfies an 
equation of p.ip type, where / is replaced by d^^dyf . Let m > 3 . Multiplying 
this equation by 2a;™?; and integrating over , we derive an inequality 

^ff x'"''v'^dxdy <m{m~l){m~2) f f x"'~^v'^ dxdy 



+ Sm{m -I) II a;"-2w2 dxdy + 2 II d^d^fv dxdy. 



Let a > , n > 3 . For any m G [3, n] multiplying the corresponding inequality 
by a'"/(m!) and summing by m we obtain that for 

r r " (ax)™ 
Zn{t)= if 2^ —v'^{t,x,y)dxdy 

inequalities 

z'nif) < CZn{t) + C, 2„(0) < C, 

are valid uniformly with respect to n , whence it follows that 

sup / / e°'^v'^ dxdy < co. 

tG[0,T] J 

Thus, MG C°°([0,r],Se.p(S+)). □ 

We now turn to generalized solutions. Let uq G (§(S) n $exp{^-))' , / G 
(C-([0,T];S(S)n§e.p(S_)))'. 



Definition 2.1. A function u G (C°°([0, T]; S(E) nSexpi^-)))' is called a gen- 
eralized solution to corresponding problem (|2.1I) . (II. 2p . (|1.3I) . if for any function 
(fi G C°°([0,T];S(E) n§e,p(S_)) such that (p|t=T = and 'fly^o = f\y=L = 
for the case a , (/9j,|j,=o = Vy\y=L = for the case b , (^1^=0 = 'Py\y=L = for the 
case c , (^sly^o = v\y=L , </5j,|i,=o = <^j,|j;=l for the case d , there holds the following 
equality: 

(U, ipt + (fixxx + ifxyy + Slfxx + Sifiyy) + (/, (fi) + (wo, ip\t=o) = 0. (2.2) 

Lemma 2.2. A generalized solution to each problem (|2.ip . (|1.2p . ()1.3p is unique. 



Proof. The proof is carried out by standard Holmgren's argument on the basis of 
Lemma 12.11 □ 

Now we present a number of auxiliary lemmas on solubility of the linear problems 
in non-smooth case. 

Introduce a space X'^'^'IJIt) , that is different from X'=^"(nT) in that the 
condition C^([0, T]; ff'^-") is substituted by u G C{[0,T]; H , and let 

X°'{IIt) = X°'°'{Ut) . 

Lemma 2.3. Let uq G for some a > , / = /o + S^^^fix , where fo G 
Li{0,T; L2) , fi G L2{0,T: L2) . Then there exists a (unique) generalized solution 
to each problem (|2.ip . ()1.2p . (|1.3p u{t,x,y) from the space X"{Ut) , and 6\Du\ G 
L2{0,T; L2) . Moreover, for any t G (0,T] uniformly with respect to 6 

< C(T) [holUj + ll/o||LUO.t;L?) + ll/l|lL.(0,t;LJ)] , (2.3) 



u^{t, x,y)p{x) dxdy + J J J \Du'\^ ■ [p + 5 p) dxdydr 

< J J UQpdxdy + c J J J u^pdxdydr + 2 J J J foupdxdydr 

-26'/^ f ff fi{up),dxdydT, (2.4) 



where p is an admissible weight function such that p{x) < const ■ (1 -|- a;+)^" and 
the constant c depends on the properties of the function p . 

Proof. It is sufRcient to consider smooth solutions that were constructed, for ex- 
ample, in Lemma |2. II because of linearity of the problem. 

Then multiplying equation (|2.1I) by 2u{t, x, y)p{x) and integrating over E we 
obtain an equality 

^ // ^^p'^^'^y ^ jj ^ ^^y>p' '^^'^y ^'^^ jj ^l^p'^^'^y 

' \u^p"' + Su^p") dxdy = 2 // foupdxdy - 26^^^ [ [ /i(up)^ dxdy, (2.5) 



which implies inequality (j2.4p by the properties of admissible weight functions. 

Next, let p{x) = 1-1- po,i{x ^ xq) for any G K and then p{x) = p2a.iix) if 
a > . Thus we obtain from (|2.4p estimate p.3p . which, in particular, allows us to 
prove Lemma in the case of non-smooth solutions. □ 
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Lemma 2.4. Let 5 — Q, UQPa.p{x) G L2 for some a > and /3 > , / = 
/o + fix , where fop^pix) € Li(0,T;L2) , hPa+i/2.,i3{x) G i2(nT) ■ Then there 
exists a (unique) generalized solution to each oj problems (|2.ip . (|1.2p . (|1.3p suc/i 
i/iai upa,p{x) € C([0,T];L2); l-Dulp^ ^(a;) G L2(nT) a'^rf inequality (|2.4p . where 
there is no multiplier S^^^ in the last term in its right part, holds for any t G (0, T] 
and for p = P2a,2p ■ 

Proof. First of all, note that if upa^p G C([0,T];L2) then u belongs to the class 

(c-([o,r];§(E)n§e.p(s_)))'. 

Next, the functions mq, /o, /i can be regularized such that uq G L2 , /o + /la: G 
Li(0,T;L2) (for example, by substituting uq with the function uori{x + 1/h)), 
so one can consider the solution u G X°'(nT) . Equality (j2.4p is valid for such 
solutions, where /q should be substituted by /o + fix , and the term with S^^^ fi 
should be omitted. Also, it follows from (|2.5p that \Du\'^ can be substituted by 
(3m^ + u^) in the second summand of the left part in (12.41) . 

Note that 

P2a,2l3i^) 



P2q,2/3(^) 

and, therefore. 



< c{a,P)p2a+i.j3{x), (2.6) 



' JJ flxUp2a,2l3 dxdy = - JJ fl{up2a,2l3)xdxdy < J J u1p'2a;2l3dxdy 
l,2P2a,2p , „ [ [ l„,2 , f2\„ f f „.2 J 



fi I ' dxdy + c 1 1 {u + A )p2a,2f3 dxdy < j j -u^p2a,2/3 dxdy 

P2a,2l3 



+ ci yy /i P2a+i,2/3 c?a;d?/ + ^ yy (u + /i )P2a,2/3 c?a;(i?/. 

□ 

Lemma 2.5. Let uq G i/^'" /or some a > , f = fg + S^^^fi , where 
/o G Li{0,T; H^'°') , fi G L2(0,T;L2). Assume that mo,/o satisfy the same 
assumptions as the ones for Uq, f when y — 0,y — L in Theorem \1.SX Then 
there exists a (unique) generalized solution to each of problems (j2.ip . (jl.2p . (II. 3p 
u{t,x,y) in the space X^'°'(IIt) , and S\D'^u\ G L2(0,T;Lf) . Moreover, for any 
t G (0, T] uniformly with respect to S 

ll"llx. = (n.)+^'^1l^'"l|lL.(0,;L = ) 

< C{T) [WuoWm^. + ||/o|lL,(0,t;ffi-) + ll/l||L.(0.t;LJ)] , (2.7) 

\2 „(^\ j„j„, I / / / I n2„,|2 



(2.8) 

where p{x) is the same function as in inequality p. 41) . 
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!£)«(*, X, 2/)pp(a:) da:dy + j j j \D'^u\^ ■ [p' + 6p) dxdydr 
< JJ \Duo\^ p dxdy + c J JJ \Du\^pdxdydT 
ifoxUx + foyUy)pdxdydT - 25^/^ / fi [{uxp)x + Uyyp] dxdydr, 



Proof. In the smooth case muhiplying (|2.1I) by —2(ux{t,x,y)p{x)^^ 
2uyy{t,x,y)p{x) and mtegrating over E we obtain an equahty 

^ 11^^^^ + JJ (3u^^ + 4u^j, + uly)pdxdy 

+ 2<5 // (uL + 2w'j, + uly)pdxdy - f f {ul + ul){p"' + 6p") dxdy 



^"^JJ ifoxUx + foyUy)pdxdy - 25^/^ j J ,fi{{uxp)x + Uyyp) dxdy. 
The rest part of the proof is similar to the end of the proof of Lemma 12.31 □ 



Lemma 2.6. Let the hypothesis of Lemma \2.5\ be satisfied for some S > . Con- 
sider the solution u G X^''^{J1t) constructed there such that \D'^u\ G L2{0,T; L2) ■ 
Let p{x) he the same function as in inequalities (j2.4l) and (|2.8p . and, more- 
over, p{x) > 1. Let the function g{u) G C^(M) , g{0) — , be such that 
\g'{u)\,\g"{u)\ < const Vu G R. Then for any t G (0,T] the following equal- 
ity holds: 



2 jj g*{u{t,x,y))p{x)dxdy + 2 j J J g' {u)ux ■ (u^x + Uyy) p dxdydr 
\-2 / / g{u) ■ {uxx + Uyy)p dxdydr -26 / / g'{u) ■ {ul + Uy)p dxdydr 



— 25 y JJ g{u)uxp' dxdydr — —2 JJ g* [uo) p dxdy ~ 2 J JJ fg{u)pdxdydr 

(2.9) 

(recall that g*{u) = g{9)d9 ). 

Proof. . In the smooth case multiplying ()2.ip by —2g{(u{t,x,y)')p{x) and inte- 
grating one instantly obtains equality (|2.9I) . 

In order to obtain this equality in general case we use the passage to the limit. 
In this case, the presence of the terms of order higher than quadratic requires 
appropriate justification for this procedure. Note that \g{u)\ < c\u\ , \g*{u)\ < cu^ , 
\9*{u)-g*{v)\ < c(|u| + |w|)|u-i;| , \g(u)-g{v)\ < c\u-v\ , \g' (u) - g' {v)\ < c\u-v\ . 

Then, for example, if we denote by the corresponding smooth solution 

ft 



\g'{u) - g'{uh)\ ■\ux\ - {\uxx\ + \uyy\)pdxdyd 



r 



<cj J J \u - Uh \ ■ \ux \ ■ {\uxx\ + \uyy\)p^^^ dxdydr 
< Ci sup ^ JJ \u — Uhf^p^ dxdy^ (^J ^ JJ u^p^ dxdy^ dr^ 



i-t r r ^ 1/2 

\D u\ p dxdydr 



Since up^l"^ ,\Du\p^/^ G C([0, T]; is) , then up^/"^ G C{[Q,T];Li) according to 
inequality (|1.7|) (for q — ^, pi = p2 = p) ■ Moreover, \D'^u\p^/^ G L2(nT) and so 
UxP^^"^ G L2{0,T; Li) . Thus, the passage to the limit is justified in this case. The 
other terms can be considered in a similar way. □ 



Lemma 2.7. Let S ~ , UQPa.pix) e for some a > and /3 > , f = fo + 
fi, where foPa,p{x) G Li(0,T;i/i), hPa+i/2,i3{x) G L2{TIt) ■ Assume that uq 
and fo satisfy the same assumptions as the ones for uq , f when y = 0,y = L in 
Theorem \1.2\ Then there exists a (unique) generalized solution to each of problems 
(lO) . (fL2D . (fOl) u{t,x,y) such that up^^p{x) G C {[0 ,T]; H^) , \D^u\p'^^p{x) G 
L2{J^t) and for any t G (0,T] inequality ()2.8p holds for p = p2a,2^ , where there 
is no multiplier S^^'^ in the last term in the right part, and there should be a positive 
coefficient less than 1 before the second term in the left part. 

Proof. Regularize the functions uq , /q , /i such that uq , / satisfy the hypothesis 
of Lemma [2.51 where /g is substituted by /o + /i , and /i = (we can also assume 
that when y = 0,y — L the assumptions on the function /o are also true for the 
function /i ). Let us consider the corresponding solution u G X^'^CHt) and 
corresponding inequality (|2.8p , where fo is substituted by /o + /i and there is no 
term 5^2 . 



Since 

t 



{fixUx + fiyUy)p2aai3 dxdydr 



UxP2aap)x + UyyP2aaf}\ dxdydr 

s 1/2 / /■* r r p^^ 2« \ 1/2 

{ulx + uly+ul)p'2c,,2fs dxdydr) / fl^^^ dxdydr) , 

' ^JO J J P2a,2/3 ^ 



< 

then according to inequality (|2.6p one can finish the proof by the passage to the 
limit. □ 

3. Existence of weak solutions 
Consider an equation of more general than (11.11) type: 

+ li-xxx + U^yy - ^[^l-xx + Uyy) + {c}[u))^ = /(t, X, y) . (3.1) 

Definition 3.1. A function u G Loo(0, T; L2) is called a weak solution to problem 
([3l|) . (fOj) . (fOI if the function 5(u_(t, a;, y)) G ii((0,r) x (-r,r) x (0,L)) for any 
r > and for any function ip G C°°{\\.t) such that = , <~p(t, x,y) — when 

> r for some r > and ip\y=o = <y2|K=L = in the case a, ipy\y^o = ipy\y^L — 
in the case b, ip\y=o = Vy\y=L = in the case c, (p\y=Q = ip\y=L,'^y\y=o = Vy\y=L 
in the case d, the following equality holds: 

[u['pt + Vxxx + 'Pxyy + ^^xx + 5^yy) + g{u)(px + f 'p] dxdydr 

uoip\t=odxdy = 0. (3.2) 

s 

Remark 3.1. It is easy to see that if g = and a function u is a weak solution to 
problem p.ip . (|1.2p . (jl.3p . then it is a generalized solution to problem (|2.ip . (|1.2p . 
(|1.3p in the sense of Definition 12.11 though the class of test functions (p in that 
definition is broader, than the one in Definition 13.11 

Remark 3.2. If a weak solution to problem (|3TT|) . (fOj) . ([Q]) u G Loo(0, T; i/^) and 
the function g has the rate of growth not higher than polynomial when |m| — cxo 
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(for example, it satisfies inequality (|1.5p for some b > 0), then according to (I1.7P 
g{u{t, X, y)) G Loo{0, T; L2) and thus equality (13.21) also holds for the test functions 
if from Definition 12.11 



First of all, we prove a lemma on solubility of problem (|3.1|) . (jl.2p . (|1.3p for 
spaces L2 in the "regularized" case. 

Lemma 3.1. Let S > , g e C^(R) and \g'iu)\ < c Vu G R . Assume that 
uq G L2 for some a > 0, / G Li(0,T] L2) ■ Then each of problems (|1.2I) . 
has a unique solution u G C([0, T]; ij) n ^2(0, T; . 

Proof. We apply the contraction principle. For io G (0; 2^] define a mapping A on 

a set r"(ntj = C([o,to];i2) nL2(o,to;^f^'") as follows: It = Ai; G r"(ntj is a 

solution to a linear problem 

Wt + UxXX + W^ryy - 5UxX - SUyy = / - (.g(w))x (3.3) 



in Utg with boundary conditions (|1.2p . (|1.3p . 

Note that |5(w)| < clwj and, therefore, 

ll5(^')IU2(0,to;LJ) < c||v||L2(0,to;L5) < OO. 

Thus, according to Lemma [2.31 (where /i = S^^^^giv) ) the mapping A exists. 
Moreover, for functions w, w G Y^CHtg) 

\\g{v) ~ 5(w)||L2(o,to;L°) < c\\v - v\\L2{0,to;L^) < ct^^lk - w||c([0,tol;LJ) • 

As a result, according to inequality (|2.3p 



||A« - A^I||y.(n,j < c(T, <5)4/'||z; - ^J||y.(n.,). 

□ 

Now we pass to the proof of Theorem 11.11 

Proof of Theorem ] 1. 11 For h G (0, 1] consider a set of initial-boundary value prob- 
lems in IIt 

ut + u.j,x.^, + u^yy ~ huxx - huyy + {gh{u)).^ = /(t, X, y) (3.4) 
with boundary conditions (|1.2p . (|1.3p . where 

5.(^.) ^ ^" [ff'(0)r;(2 - /j|0|) + g'{^^^)r^{h\e\ 1)] (3.5) 

Note that gh{u) = g{u) if |u| < l/h and \g't^{u)\ < c{h-'^) Vm G M . 

According to Lemma 13.11 there exists a unique solution to this problem Uh G 
C([0,r];i^) n L2(0,T;i7i^") . Moreover, \g'^{u)\ < c(l -I- |m|'') uniformly with 
respect to h . 

Next, establish appropriate estimates for functions Uh uniform with respect to 

h. 
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Write down corresponding inequality (j2.4p for functions Uh (we omit the index 
h in intermediate steps for simplicity): 

pdxdy + / / l-Dup ■ {p' + hp) dxdydr < / / u^pdxdy 



u pdxdydT + 2 J J J fupdxdydr ~ 2 J J J g' {u)uxup dxdydr. 

(3.6) 

Firstly let p = 1 , then since 

9'{u)u,u = g'{6)ed6)^ = {g'{u)u)l (3.7) 
we have that JJ g' {u)uxU dxdy ~ and inequality (j3.6p yields that 

ll'"/i||c([0,T];L2) + lT'^^'^\\uh\\L2{0.T;H^) < C (3.8) 

uniformly with respect to h . 

Now let p(x) be an admissible weight function such that p'{x) is also an ad- 
missible weight function, and p'{x) < cp{x) . Then according to p.7p 

g' {u)uxUp dxdy — J J {g' {u)u)* p' dxdy <cJJ {u^ + \u\'''^'^)p' dxdy. 

Apply interpolating inequality (jl.7p for k — 1 , m — , pi ^ p2 = p' '■ 

b/2 / r r ,, s ^ \ 1-6/2 



\u\''+^p'dxdy< [J J u'dxdy) i^j j \u\^'^^-''\p'f'^^"''Uxdy) 
<c(^ff u'^dxdyy^^ n( \Du\'^p'dxdyy^^ (^f f u'^pdxdy^ 



V? pdxdy 



(3.9) 



Since b < 2 and the norm of the solution in the space L2 is already estimated in 
dn^, it follows from that 

JJ u'^pdxdy +^ J JJ \Du\'^p' dxdy + h J JJ\Du\'^pdxdydT 

— UQpdxdy + c / // u^p dxdydr + 2 / // fupdxdydr, 



and choosing the functions p in the same way as in the proof of Lemma 12.31 we 
obtain that uniformly with respect to h 

\\uh\\x«{nT) + h^^^\\uh\\L2io,T;m-'') < c. (3.10) 

In particular, \\uh\\L2(o,T;H^{Q„)) < c(ri) for any rectangle Qn = (— n, n) x (0, L) , 
and thus 

II"^I|l2((o.t)xq„) < c(n). (3.11) 

Since |g/i(w)| < c(|m| + |w|^) we have that \\gh{uh)\\L2(o,T:Li(Q„)) < c{n) . Using 
the well-known embedding Li{il) C H^^{Qn) for domains C we first derive 
that ll^ft (wft,) ||l2(o, T;_fr-2(Q„)) < cin) , and then according to equation p.ip itself 
that uniformly with respect to h 

l|uw||Li(0,T;ff-3(Q„)) < C(n). 
11 



Applying the compactness embedding theorem of evohitionary spaces from |16) we 
obtain that the set {uh} is precompact in L2{{0,T) x Q„) for all n . 

Now show that ii Uh ^ u in L2{{0,T) x Q^) for some sequence h ^ , then 
9h{uh) 9{u) in Li((0,r) x Q„) . Indeed, 



\gh{uh) - g{u)\ < \9h{uh) - 9h{u)\ + \gh{u) - g(u)\ 

< c(l + ul + u'^)\uh - u| + \gh{u) - g{u)\ 

and then we can use estimate (|3.1ip . 

As a result, the required solution is constructed in a standard way as the limit 
of the solutions Uh, when /i — >• . □ 



We now proceed to solutions in spaces H^'" and firstly estimate a lemma anal- 
ogous to Lemma [3. 11 

Lemma 3.2. Let S > , g e C'^{R) and \g'{u)\,\g"{u)\ < c Vm g M . Assume 
that uq G for some a > , / G ii(0, T; iJ^'") and the same assumptions 

as in Theorem hold for the functions uq , f when y = , y ~ L . Then 
each of problems p.ip . (jl.2p . (|1.3I) has a unique solution u G C([0, T]; iJ^'") n 
i2(0,r;i72,o). 

Proof Introduce for to G (0, T] a space ri'"(ntj = C([0, <o]; ^f^'") n 
^2(0, io; ^^^'") and define a mapping A on it in the same way as in the proof 
of Lemma 13.11 (with the substitution of by F^'" ). Since |(7'(w)wa;| < c\vx\ 
then 

and according to Lemma [23] (where /i = S^^^^g'{v)vx ) such a mapping A exists. 
Moreover, according to (|2.7I) 

||At;||yi..(n,„) < c (lluollifi." + 4^'lklki."(n.„) + l) ■ (3.12) 
Besides that, since \g'{v)vx — g'{v)vx\ < c\vx \ ■ \v — v\ + c\vx — Vx\ 



\\Av - A^;||yi,„(n,^) < c\\g'{v)vx - g' {v)vx\\L2ia.to-LS) 



< c 



sup sup \v-v\\\ , .+tl^^\\Vx-Vx\\c{[Q.tohW 

te[0,to] (a;,y)6S ^ ^ ' 



< Cl 



+ tl/^\\v~v\ 



II II II ~||l/2 ,1/4 II ~||1/ 

sup Mhi." ■ sup -v •II^'-^^IIl, 

■te[o,to] te[Q.ta] 



L2(0,to;ff2) 



<C2ty^(l+ sup ||w||Hi,-)||w-i'||yi,=(nt,), (3.13) 
te[o,to] 



where we used inequality (|1.7p for g = -|-cxd . 

Now we estimate the following a priori estimate: if u G F^'"(nT') is a solution 
to the considered problem for some T' G (0, T] then 



l|u|lc([0,T'];_Hi.°) < c(||mo||hi,= , ||/||Li(0,T';ffi.°))- 
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(3.14) 



In fact, using inequalities (|2.4[) . where /o = f — g' {u)ux , fi = and (|2.8I) where 
/o = / , /i = — (5^^/^(7'(u)u2; for the function = 1 + p2Q,i(a^) we obtain that 

JJ{u^ + \Du\^)pdxdy + S J J \D^u\^pdxdydT < JJ{ul + \Duo\^)pdxdy 
+ JJ [u^ + \Du\^)pdxdydT + 2 J J J {fu + f,j.u,j. + fyUy)pdxdydT 

t - r r - \I2 , r r X 1/2 



+ (^JJ{ul^ + uly)pdxdy^ (^J J ulpdxdy^ dr, 



which imphes estimate (13.141) . 

Inequahties p. 121) and p.l3p ahow us to construct a solution to the considered 
problem locally in time by the contraction while estimate p.l4p enables us to extend 
it for the whole time segment [0, T] . □ 



At the end of this section we present the proof of the part of Theorem 11.2 
concerning existence of solutions. 



Proof of Theorem ll.^ existence. As in the proof of Theorem 11.11 consider the set 
of " regularized" problems p.ip . (|1.2p . (|1.3p . Note that according to formula p.Sp 
g'^{u) = g'{aignu/h) when \u\ > 2/h and thus \g'/^{u)\ < c{h-^) Vm G K . 

Consider solutions to these problems uu G C([0, T]; iJ^^") n ^2(0, T; iJ^.a) and 
establish for them estimates uniform with respect to h (note that estimate p.lOp 
remains valid). Write down corresponding inequalities (|2.8p . (|2.9p for these func- 
tions (where /q = /, /i = —h~^/'^g'{u)ux) and summarize them (index ft, is again 
omitted): 



{\Du\'^ ~2g*{u))pdxdy+ [ j j \D^u\^ ■ {p' + hp) dxdydr 

< 1 1 {\Duo\^ -2g*{uo))pdxdy + c I I I \Du\^pdxdydT 



2 J J J {f^u^ + fyUy)pdxdydT ~ 2 J J J fg{u)pdxdydT 



ft I- 1- ft 

'-yy) 

Jo J J Jo J J 

ft r r ft 



2 // g' {u)u^p' dxdydr — 2 / // g{u){uxx + Uyy)p' dxdyd 



IT 



2h // g'{u){u^ + Uy)pdxdydT + 2h / // g{u)uxP dxdydr 



y 

Jo J J Jo 



2 / / g' {u)g{u)uxP dxdydr. (3.15) 



Note that \g*{u)\ < c{u'^ +\u\''+'^) and so JJ g*(u)pdxdy can be estimated similarly 
to (|3.9p (with the replacement of p' by p). 
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Next, \fgiu)\<c\f\i\u\ + \u\^) and so 

J I \Iu\^pdxdy <c[JJ fp^dxdyy^^(^J j u^p'dxdy'^ 

<CiUf{\Df\^ + f)p dxdy) \Du\^pdxdy) u'pdxdyf'^ 



r 

X 3/4 



u^pdxdy 



3/2- 



then using inequality (11.71) we find that 

hJJ \u\''\Du\^pdxdy <h(^JJ lupy dxdy^'^i^jj \Du\'^p^dxdy 

f ff, 2 ,2 N(fc+2)/4, /•/• \(b+2)/4 / /■/■ 2 \ 

< chl / / l-D u| pdxdyj ( / / pdxdy \ +chl u pdxdyj 



1/2 

\ (fc+2)/2 



Thus, setting firstly in (j3.15p p = 1 we find that 

l2„ 



\Uh\\c{[0,T];m) 



< c. 



(3.16) 



Now let be an admissible weight function such that its derivative p' is also 

an admissible weight function and p'{x) < cp{x) . Estimate the terms in the right 
part of ((3?T5]) : 



u^u^p' dxdy < I u* dxdy 



< c sup ||u||^i 
te[o,T] 



1/2 



u'^ip')^ dxdy 



1/2 



JJ \Dux\^ p' dxdy^ (^j j u^pdxdy^ + jj u^pdxdy 



\u\^{\uxx\ + \uyy\)p' dxdy 



< 



(jJ dxdy^ {^jj u'^p^ dxdy^ {^j j \D^u\^ p'dxdy'^ 

ci sup \\u\\jj,(^JJ{\Du\^ + u^)pdxdyy^^ (^JJ \D^u\^p'dxdy 



1/2 



J J \u\^\ux\p' dxdy is estimated similarly and, finally, 



[g' {u)g{u))* p' dxdy <c [u^ + u^) p dxdy 



g'{u)g{u)ux pdxdy 



where the last integral also similarly can be estimated by virtue of (|1.7|) . 

Thus, taking into account previously established estimates p.lOp . p.l6p and 
choosing the function p in the same way as in the proof of Theorem II. 1[ we find 
that 



l|w/i||xi.°(nr) + h^''^\Wh\\L2(0,T;m.'-) < c. 

The end of the proof is exactly the same as for Thcorcm ll.il 



(3.17) 

□ 
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4. Continuous dependence of weak solutions 

First of all, we present a theorem from which the result of Theorem 11.21 on 
uniqueness of weak solutions follows. 

Theorem 4.1. Let g G C^(M) and inequality (ll.6p is valid for certain b> 1 . Let 
uo,uo € H^'" , f,f^Li{0,T;H^'°') for some a>l/2, u,u be weak solutions to 
corresponding problems (|l.ip - ()1.3|) from the class X^'°'(nT) ■ Then for any > 

- u)pa^fj{x)\\L^{0.T;L2) + II \Diu ~ w)|Pa-l/2,/?(a;)||^^(nr) 

< c(^||(lio -Mo)Pa,/^(a;)||L2 + IK/ - 7)Pa,,3(a;)||Li(0,T;L2)) ; (4-1) 

where the constant c depends on the norms of the functions u,u in the space 
Loo(0,T;iJi^i/2) . 

Proof. Let 

g,{u)=g{u)-g'{0)u. (4.2) 

Then g'{u)ux = ^'(O)^^; + {gi{u))x , where \gi{u)\ < c{u^ + . Note that for 

q>2 

iPV2a+i,2/3 dxdy <cjj • (1 + x+f^'i dxdy 

<ci(^JJ{u^ + \Du\'') ■ (1 + x+f" dxdyy, 

that is gi{u)po^j^i/2,fs G -^co(0,T;L2) . Besides that, it is obvious that UxPa,p G 
Loo(0,r;L2). 

Denote v = u — u , then the function t; is a solution to an equation 

vt + Vxxx + Vxyy ^ {f - f) - {g(u) - g{u))^, (4.3) 
satisfies an initial value condition 

v\t=o = uo-uo, (4.4) 



and corresponding boundary value conditions (|1.3p . 

The hypothesis of Lemma HH] are true for this problem, therefore. 



V P2aai3dxdy+ / // \Dv\ p^awdxdydr < (uq - uq) P2a,2f3 dxdy 



+ c V p2a,2/3 dxdydr + 2 if - f)vp2a,2p dxdydr 



-2g'{0) J J J Vxvp2aap dxdydr -2 J J J {gi{u) ~ gi{u)) ^vp2a,2p dxdydr. 

(4.5) 

It is easy to see that 

[gi{u) - 9i{u))^vp2a,2fi dxdy 

<cJJ{l + \u\^-^ + \u\^-^) {\ux\ + \iix\ + \u\ + \u\)v^p2c.,20 dxdy. 
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Here 

1/2 



JJ \ux\v'^P2a,2pdxdy < (^JJ ul^^^^^ dxdyj (^JJ P2a,2i3P2a,2P dxdy 
" (// (1 + ^ (// \^'"\^ P'2a,2i3 dxdyj ' Uj v'^p2a,2pdxdy^ 



v^P2a,2i3 dxdy 

Further without loss of generahty we assume that b > 2 . Denote q = b — 1 then 
for any p > 4 



v'p2c.,2p dxdy <[(( \ur/iV'^)\ux\P/iP^2)P^^^^y 



, 1-2/p 

dxdy 

P2a,20 ' 

where the first muhipher can be estimated as follows: 

c(yy 9/(^-2) (1 + ^^)P9/(2(p-2)) . |y^|f/(p-2)(i + ^^)p/(2(p-2)) ^^^^^ ^-^Z, 

and the second one in such a way: 

c(^JJ \Dvfp2a^2i3dxdy'^ (^JJ v'^P2a,2^dxdy'^ + c JJ v^P2a,2i3dxdy 



2/p 



The other terms can be estimated similarly and then (|4.5p implies the required 
assertion. □ 

Finally we set a result on continuous dependence of weak solutions in more 
smooth spaces. 

Theorem 4.2. Let the hypothesis of Theorem \4-l\ be true for a > 3/4 and also let 
the hypothesis of Theorem be true for the functions uq , uq , f , f when y — 
and y = L . Then for any /3 > 

- M)|Pa,/3(2:)||i^(o_j,.i^) + \\\D'^iu - u)\pa-l/2,p\\L^^nT) 

< C {\\uo - Sollffi." + 11/ - f\\L,iO,T;H^^-)) , (4.6) 

where the constant c depends on the norms of the functions u and u in 
Xi'"(nT) . 

Proof. Let v = u — u, w{t,x,y) = v{t,x + g'{0)t,y) . Then the function w satisfies 
an equation 

wt + Wxxx + Wxyy = {f - f) ^ {g'i{u)ux " g'i{u)ux) , (4.7) 

where the function gi is given by formula ()4.2p , and all the terms in the right part 
of (|4.7p are considered in the point {t^x + g'{Q)t, y) , satisfies initial value condition 
(|4.4p and corresponding boundary value conditions (|1.3p . 
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Note that \g[{u)ux\ < c{\u\ + \u\'')\ux\ and for q> I 



< Cl 



( / f luf^il + x+f^^ dxdy) "\[[ uIpI^^.^^p dxdy) 



1/2 



< C2 



( // [u" + \Du\'') ■ (1 + dxdy) '[(//" \Du,\^p2c.-i,2p dxdyf'^ 



'^{11 "^P2a,2/3 dxdy) ulp2a,2i3 dxdy 



that is gi{u)uxPa+i/2,i3 S ^2(117) • Thus, the hypothesis of Lemma [2.71 are true 
for the considered problem and, therefore, 

J J \Dw\'^ p2a,2f} dxdy + ^ J J J \D'^w\'^ P2a^2i3 dxdydr 

< JJ \Dua\'^p2a,2i3dxdy + c J JJ \Dw\'^ p2a,2p dxdydr 

[if - J)xWx + if ~ f )y'Wy]p2a,2fS dxdydv 

{g'l {u)u^ - g'l {u)Ux) [{WxP2a,2l3)x + WyyP2a,2/3] dxdydr. (4.8) 



The last integral in the right part of (|4.7p is not greater than 



///<• 



e / / / iw^^ + Wyy + t«3;)p2a,2/3 dxdydr 



+ c(£) + + \u\'^'-'^) {uiw^ + u^wl)p2o.+i.2P dxdydr, 

where e > can be chosen arbitrarily small. Here 

uiw^ P2a+iai3 dxdy 



< c 

<Cl 



(// uiP2a~l,P/2P2a,P/2dxdy) ^ (// P2a,2p P2a,P dxdy) 



1/2 



\DUa:\^P2a-l.p/2dxdy) HI ulp2a,f! /2 dxdy) 



1/2 



\Dw\'^ P2a,2li dxdy 



1/2 



u\p2ajil2 dxdy 



w^P2aji dxdy 



1/2 



< C2 / / \Dw\ P2a.2pdxdy + C2 // \Dux\ P2a-i,p/2dxdy+l 



w^P2a,p dxdy 



w P2a,i3dxdy, 



where the first multiplier in the last term belongs to the space Li (0, T) and the sec- 
ond one can be estimated uniformly with respect to t according to inequality (|4.ip . 
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Similarly, if i? > 1 then 



<c 



(/ / Wf'^dxdy'j ni u'^P2a-l,l3/4P2a,fl/4dxdy'^ 



1/2 



„8„3 



P2a,2/3P2a,/3 dxdy 



1/4 



< C2 



< Ci 



,2 \^^* 

Dw\ P2a,20 dxdy 1 

-DUa; Pp2a-l,/3/4 dxdy+1 



(^11 \Dux\^p2a^i^p/idxdy^ (^j j ulp2a,i3/Adxdy^ 
ulp2aj3/idxdy 



1/2 



w^P2a,p dxdy 



1/4 



w^P2a,i3 dxdy 
■u?P2a.,i3 dxdy 



where the first multiplier in the right part belongs to Li(0,T) . Finally, for q>l 

\u\'^''wlp2a+iai3 dxdy 



< c 



\u\^'^ ■ (f + x+)^""' dxdy^ (^jj ■wjp2a-i,2i3P2a,2i3 dxdy^ 
<ci(^j j \Dw^\^p'2a^2i3dxdy^ ^ (^JJ wlp2a,20 dxdy^ 



1/2 



Cl 



wlp2a,2p dxdy. 



As a result, the statement of the theorem follows from inequality (14. 7p . 



□ 



Remark 4.1. Similarly to the methods of [2] one can obtain uniqueness and con- 
tinuous dependence of weak solutions to problem (jl.ip - (|1.3p in the space for 

a > + t) under the rate growth restriction < c\u\^ for b e (0,1), 

which, unfortunately, excludes Zakharov-Kuznetsov equation itself. 
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